Hybrid beamforming offers a low hardware complexity for millimeter wave massive multipleinput multiple-output systems, which is divided among the analog radio frequency precoding and digital baseband precoding. In order to provide channel state information for the base station, channel feedback is essential, especially in frequency division duplexing systems. However, in large antenna systems, the size of channel matrix is huge, and the overhead of feedback complete channel is not acceptable. To reduce the feedback overhead for hybrid beamforming, leveraging the property that the millimeter wave path angles of departure vary more slowly than the path gains, we propose a two-timescale hybrid beamforming/combining algorithm for downlink multi-streams millimeter wave systems. We analyze the performance of the proposed algorithm with perfect channel state information, and the analytical and simulation results show that proposed algorithm can achieve the same performance of full digital singular value decomposition algorithm. We also analyze the rate gap between the proposed algorithm with perfect channel state information and limited feedback. The rate gap caused by quantization of radio frequency and baseband precoder codebooks are decoupled, and the quantization error is analyzed. At last, we provide a closed-form expression of relationship between feedback bits and rate gap.
I. INTRODUCTION
Millimeter wave (mmWave) communications are promising for meeting the explosive growth of mobile data demand [1] - [5] . To guarantee sufficient received signal power at mmWave frequencies, mmWave communications are often associated with massive multiple-input multipleoutput (MIMO). Thanks to the small mmWave antenna size, large antenna arrays can be packed into small form factors [6] , [7] . Massive MIMO can provide high gain directional transmission via using hundreds of base station (BS) antennas. It requires a higher number of radio-frequency (RF) chains which resulting in high cost at BS in large antenna arrays systems. To overcome this issue, hybrid beamforming is applied. The hybrid beamforming method divides the precoding process between the analog RF and digital baseband part at BS [8] , [9] .
The associate editor coordinating the review of this manuscript and approving it for publication was Ahmed Mohamed Ahmed Almradi .
The major challenges in hybrid beamforming are the practical constraints associated with the analog RF precoder, such as the requirement that the RF precoder is implemented with constant modulus phase shifters. Thus, hybrid precoder design generally becomes the problem of various matrix factorization with constant modulus constraints. A solution to maximize the spectral efficiency of point-to-point transmission is to minimize the Euclidean distance between the hybrid precoder and the full digital precoder [10] - [15] . When hybrid beamforming is applied to mmWave systems, considering the special characteristics of mmWave channels, codebook based designs are commonly proposed [15] - [21] , in which the columns of the analog precoder are selected from certain candidate vectors, such as array response vectors of the channel and discrete Fourier transform (DFT) beamformers. The hybrid beamforming also extends to multiuser mmWave MIMO systems in [22] - [31] . Most above studies assume perfect channel state information (CSI) is known at both the BS and user. VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/
In practice, the feedback issue must be considered, especially in frequency division duplexing (FDD) systems, where uplink and downlink channel reciprocity does not exist. For mmWave systems with large antenna arrays, feeding back the full instantaneous CSI to the BS causes huge feedback overhead. Several channel feedback techniques have been proposed for massive MIMO systems [32] - [37] . Compressive sensing (CS) based channel feedback scheme exploiting the sparsity of angle-domain channel has been proposed for massive MIMO systems in [32] . The channel vector is compressed into a low-dimensional measurement vector by random projection, and fed back to the BS with low overhead. Joint channel recovery at the BS has been proposed in [33] where the distributed measurement vectors of multiple users are fed back to the BS, and then the MIMO channel matrix is recovered via a joint orthogonal matching pursuit algorithm. An antenna-grouping based channel feedback scheme has been proposed in [34] , where multiple correlated antennas are mapped to a single representative value using predesigned patterns. Joint spatial division and multiplexing (JSDM) proposed in [35] , [36] also features user-grouping. Users with similar transmit channel covariance are grouped together and inter-group interference is mitigated through frst-stage precoding based on the long-term channel statistics. To reduce the codebook size and feedback overhead in FDD massive MIMO systems, an angle-of-departure-adaptive subspace codebook for channel feedback has been proposed in [37] . Different from full digital MIMO, the hybrid beamforming is divided into the analog RF and digital baseband precoding. Therefore, it is necessary to design hybrid beamforming schemes and facilitate the limited feedback. A limited feedback hybrid beamforming scheme is proposed in [38] for multi-user mmWave systems. The proposed algorithm congures hybrid precoders at the transmitter and analog combiners at multiple receivers with a small training and feedback overhead. In order to reduce the feedback and feedforward overhead required for joint user scheduling and hybrid beamforming, a codebook-based RF only beamforming scheme with one-step feedback procedure is proposed in [39] . The wideband mmWave system with a limited feedback channel is analyzed in [40] . However, as instantaneous CSI is required at BS in these schemes, once the channel changes, the RF procoder needs to be redesigned, and the feedback to RF precoder is demanded, so the CSI signaling overhead is large. An alternative method has been well studied in prior papers [41] - [43] . They proposed a two-timescale hybrid beamforming scheme where the RF precoder is adaptive to the channel statistics only. Such a hybrid beamforming design can reduce the CSI signaling overhead. The performance of hybrid beamforming with long-term channel statistics is in general worse than instantaneous CSI [44] . However, previous works on limited feedback hybrid beamforming did not leverage mmWave channel characteristics well, such as sparse paths and different time scale of path parameters varying.
In this paper, we propose a novel two-timescale hybrid beamforming/combining algorithm for downlink multistreams mmWave systems. Considering the path angle of mmWave channel is slowly varying compared with the path gain [37] , [45] , [46] , the RF precoder is designed based on angles of departure (DoAs) of channel. The digital precoder is designed based on the low-dimensional equivalent channel. Different from [37] , in which the author leveraged the observation that path DoAs vary more slowly than the path gains to propose an DoA-adaptive subspace codebook for Massive MIMO systems, we focus on design hybrid beamforming systems. Since the time-scale of path angle varying is larger than the channel gain, we can reduce the frequency of feedback to RF precoder, so that the feedback overhead can be reduced. Considering that the number of antennas at user is relatively small, we adopt the full digital combiner on the user side, which enables our hybrid beamforming/combining algorithm to achieve the performance of full digital structure. We analyze the performance of the proposed algorithm with perfect CSI, and prove that the user rate can achieve the performance of full digital SVD algorithm. We also characterize the rate loss due to RF and baseband codebooks quantization. The rate loss caused by quantization of RF and baseband precoder codebooks is decoupled, and a closed-form expression of relationship between feedback bits and rate loss is given.
The rest of the paper is organized as follows. Section II describes the system model. In Section III, we propose the two-timescale hybrid beamforming/combining for multistreams. The performance analysis of two-timescale hybrid beamforming/combining with perfect CSI and limited feedback are provided in Section IV and Section V respectively. Section VI shows the simulation results. Our conclusions are drawn in Section VII.
Notation: We use the following notation throughout this paper: A is a matrix, a is a vector, a is a scalar, and A is a set. |A| is the cardinality of set. A F is the Frobenius norm of A, and |a| the absolute value of a scalar, whereas A T , A H , A −1 are its transpose, Hermitian, and inverse respectively. I P is the identity matrix of size P × P, and N (m, R) is a complex Gaussian random vector with mean m and covariance R.
(x, y) is the angle between x and y. E[·] is used to denote expectation.
II. SYSTEM AND CHANNEL MODEL
In this section, we describe the adopted hybrid beamforming system model and the mmWave channel model.
A. SYSTEM MODEL
In this paper, we consider a hybrid beamforming system with single user and multiple data streams. As shown in Figure 1 , the BS is equipped with N t antennas and N RF RF chains, which connect baseband precoder with RF precoder. K data streams are transmitted by BS. In order to ensure the lossless transmission of K data streams, N RF ≥K is needed. Further, for simplicity, we assume that BS makes use of K out of N RF RF chains to transmit data streams. The number of FIGURE 1. A hybrid beamforming system with single user and multiple data streams, in which the BS is equipped with N t antennas and N RF RF chains, and the user employs digital combiner with N r antennas. The user has two limited feedback channel for RF precoder and baseband precoder respectively. simultaneous streams supported by the channel H is less than or equal to the rank of the channel. Compared with the BS side, the number of antennas at the user is relatively small. Due to small number of antennas, the analog only combiner generates wider receiving beams, which result in reducing the path resolution of channel, and the gain loss. Besides, channel estimation should be performed on the user side, and a digital receiver is beneficial for accurate channel estimation. So that, considering the small number of antennas at the user side, the digital combiner is acceptable, and worth to achieve a greater performance than analog only. We assume that the user employs digital combiner with N r antennas to receive data streams, and N r ≥ K .
We consider the downlink transmission, and the data streams vecor s = [s 1 , s 2 , . . . , s K ] T is precoded by a
. . , f BB K ] at baseband first. Then it is transmitted by a N t × K analog precoder
, which is composed of phase shifters network. Since RF precoder employs phase shifters, which only adjust the phase of signals, there is constraint of
after normalization. Because of the total transmission power constraint, we assume F RF F BB 2 F = K . After hybrid beamforming at BS, the data streams pass through channel, and then received by the digital combiner W = [w 1 , w 2 , . . . , w K ]. In order to facilitate subsequent analysis, we normalize each received vector of W by w k 2 F = 1, k = 1, 2, . . . , K . The kth data stream received by user can be expressed as
where s k is the kth data stream, and E[ss H ] = P K I K , where P is the total transmitted power, n is Gaussian noise, and n ∼ N (0, σ 2 I N r ).
In (1), the first term on the right side of equation is valid signal, the second term is the interference from other streams, the third term is noise. According to the system model description, the rate of kth data stream can be expressed as
where γ is signal to noise ratio (SNR), and γ = P σ 2 .
B. CHANNEL MODEL
The mmWave channel has limited scattering and sparse paths, so we employ geometric channel model with L clusters in this paper. Assuming the lth cluster is expected to contribute with Ls l subpaths, H can be formed as
where α l,ls l is the complex gain of the ls l th subpath in the lth cluster, θ l ∈ [0, 2π] and φ l ∈ [0, 2π] are the angle of arrival (AoA) and the DoA of the lth cluster, υ l,ls l and ϑ l,ls l are relative AoA/AoD shift for ls l th subpath from lth cluster, and have the Laplacian distribution as in [16] , [30] , [40] . a r (θ l − υ r l ) and a t (φ l − ϑ ls l ) are the antenna array response vectors of ls l th subpath from lth cluster at user and BS respectively. We assume that both user and BS employ uniform linear arrays (ULAs), then the array response vector can be expressed as
where λ is the wavelength of signal and d is the spacing of antenna elements. The array response vector at user a r can be written in a similar form as a t . The channel in (3) is written in a more compact form as
where α = N t N r L l=1 Ls l [α 1,1 , α 1,2 , . . . , α L,Ls L ], A t and A r represent the array response matrix of BS and user respectively, VOLUME 7, 2019 and
A r has similar form as A t . Note that, it can be seen that the rank of H generally is equal or greater than L for mmWave channel with L clusters generally, so the number of simultaneous streams transmitted by BS satisfies K ≥ L. For simplicity, we transmit L data streams simultaneously.
III. TWO-TIMESCALE HYBRID BEAMFORMING/COMBINING FOR MULTI-STREAMS
In the hybrid beamforming systems, the number of RF chains is much less than the number of antennas at BS, and the special constraints of precoders raises challenges for hybrid beamforming/combining design. Different from the traditional full digital MIMO, hybrid beamforming system is divided into digital precoder at baseband and analog precoder at RF, and the two parts have different constraints. The lowdimensional digital precoder is able to adjust the amplitude and phase of the signal, but RF precoder only adjust the phase of signals. In particular, thanks to the nature of the mmWave geometric channel, this kind of RF precoder is suitable for mmWave directional transmission. Sparsity of path clusters is one of the channel characteristics of mmWave, which means there are only a few clusters compared with the number of antennas. Under the condition of large-scale antenna array hybrid beamforming, the strategy based on directional transmission is suitable for the spatial sparsity characteristics of the channel. Directional transmission means to adjust the beam by RF precoder, so that the transmitted beam is in the same direction as the path angle. The directional strategy is not only advantageous in hardware implementation, but also robust to phase change of the path in mmWave channel [47] , [48] . In addition, mmWave channel also has a significant characteristic that the change of path angle is slower than that of path gain. In other words, coherence time of the path angle is long-term scale, and channel gain coherence time is short-term scale. These characteristics of mmWave provide us convenience to design hybrid beamforming. We can employ different information of the channel to design baseband precoder and RF precoder. Therefore, we propose a two-timescale hybrid beamforming/combining design based on the above considerations. Note that, although our proposed hybrid beamforming is twotimescale, we employ the real-time channel indeed rather than base on statistical channel information. However, different from one-time scale method, we only utilize the angle information in the design of RF precoder, which can greatly reduce the feedback times of RF precoder due to the path angles of mmWave channel are much more slowly varying compared with the path gains.
Considering that the path angles of mmWave channel are much more slowly varying compared with the path gains, we only utilize the path angle information in the design of RF precoder, which can greatly reduce the feedback times of RF precoder. Once the channel path angle information is obtained, the RF precoder can be designed. And the digital precoder utilize the equivalent channel, which contains fastchanging channel path gain information, and is low dimensional. Therefore the low-dimensional equivalent channel will conduce to reduce the feedback bits for baseband precoder. We set the codebook C RF as B RF bits for RF precoder, i.e. |C RF | = 2 B RF , and set the codebook G BB as B BB bits for baseband precoder, i.e. |G BB | = 2 B BB . We define the path angle coherence time is T long , the path gain coherence time is T short , and assume that the path angle coherence time is M times the path gain coherence time.
As shown in Figure 2 , we provide an illustration of the comparison between the two-time scale and one-time scale feedback form in a long period, in which (a) is the illustration of one-time scale feedback form, (b) is the illustration of twotime scale feedback form. We can see that once the channel changes, the one-time scale feedback method should update the feedback for both RF precoder and baseband precoder in the short period, while the two-time scale feedback method we proposed update once for RF precoder in a long period of time, and update for baseband precoder in the short period. Such a two-time scale feedback method can reduce the total feedback bit to (B RF + M B BB ) bits in a long period of path angle coherence time. The feedback is M (B RF + B BB ) bits, while not taking advantage of the two-time scale property.
The detailed algorithm is shown in algorithm 1. The codebook C RF for RF precoder, and the codebook G BB for baseband precoder are given. We suppose that the user side estimates H with the parameters AoAs, DoAs of L clusters, and detect these parameters. Since the angle parameters of the path change slowly relative to the path gain, we can feedback the angle information of clusters in a long time scale. Most DoAs of subpaths of each cluster are very close to the cluster DoA, due to the Laplacian distribution. So we can only provide L clusters DoAs for RF precoder to perform beamforming. L codewords are selected from the predefined RF codebook in turn according to
After that, the indexes of the selected code words are fed back to RF precoder, and the RF precoder recovers a quantized array response matrixÂ t , then align the beams by
whereÂ t = (a t (φ 1 ), a t (φ 2 ), . . . , a t (φ L )), and a t (φ l ) = c * l . When the change of the cluster angles is detected by user, user feeds back newÂ t , and RF precoder updates F RF again.
After the design of RF precoder in long time scale is completed, the digital combiner is designed first in the short time scale. The design of digital combiner is based on singular value decomposition (SVD) of equivalent channel which contains RF precoder, i.e.
where H eq = HF RF is a matrix of N r × K size, so the size of H eq is much less than original channel matrix H, and the computation overhead of SVD decomposition of is much less than H. Then the digital combiner is designed as
where u eq,k is the kth column of U eq . After that, user calculates the corresponding a lower dimensional equivalent channel which including RF precoder and digital combiner for each data stream k, k = 1, 2, . . . , K . The lower dimensional equivalent channel can be written as
For each data stream k, user selects the code word with the largest correlation withh k from G BB , that is
The indexes of the selected codewords are fed back to baseband precoder at BS, and the lower dimensional equivalent channelh k is recovered ash k at baseband for each k. Then the baseband precoder is designed based on zero forcing (ZF) procoding of the lower dimensional equivalent channel, so that the interference among data streams is eliminated by baseband digital precoder, which is written as
whereĤ = [ĥ 1 ,ĥ 2 , . . . ,ĥ K ], andĥ l = g * l . Power constraint normalize as follows
where k = 1, 2, . . . , K . When path gains change after a short time scale period, the feedback and design of baseband precoder should be updated. 
In the following two sections, we will analyze the performance of proposed two-timescale hybrid beamforming/combining design. First, we will analyze the algorithm performance under perfect CSI, and then analyze the rate loss under limited feedback.
IV. PERFORMANCE ANALYSIS WITH PERFECT CSI
The performance analysis of hybrid beamforming is a nontrivial problem, due to that the baseband precoder, analog precoder and combiner are coupled together, and the clusters channel model make it harder. However, due to the Laplacian distribution of subpaths of each cluster, most DoAs of subpaths are very close to the relative cluster DoA. The subpaths in the same cluster are highly correlated, so it is hard to distinguish these small spaced subpaths for codebook-based RF precoding, and RF precoder regards each clusters as a total path made up of subpaths. These reasons make it necessary to simplify the channel model to employ mmWave geometric channel model as in [17] , [38] , [39] , [49] , [50] , where each cluster is modeled by a single propagation path, and the DoA of the path is same as cluster. Further, the analysis of hybrid beamforming under this geometric channel model will give useful insights into the performance of the pro-posed algorithms with perfect CSI in this section and limited feedback in Section V. We will also confirm the proposed algorithms in cluster channel model setting by the simulations in Section VI.
In this section, in order to provide some useful insight into the proposed hybrid beamforming algorithm, we analyze the performance of the proposed algorithm under perfect CSI, i.e. infinite feedback, and compare it with the performance of full digital MIMO system. Thanks to the sparsity characteristic of mmWave channel and the property of favorable propagation in massive MIMO system, we can analyze the system performance succinctly.
Lemma 1: With large-scale antenna array at BS, in the proposed algorithm 1, the combiner adopts the left singular matrix of H eq , and the baseband precoder adopts ZF precoding. With perfect CSI, the method is equivalent to the SVD of H eq , which means F BB = V eq . Proof: When using algorithm 1 with perfect CSI, F RF = A t , and H eq = A r diag(α)A H t A t . Note that, when the number of antenna is large at BS, the antenna array response matrix satisfies the property of favorable propagation, which means that A t is asymptotically orthogonal, and results in A H t A t = I [49] , [51] . So the low dimensional equivalent channel H eq can be rewritten as
Substituting (9), (10) and (15) into (13), we have
where effect is the front L row of eq , which means that effect is a diagonal square matrix that can be written as effect = diag(λ eq,1 , λ eq,2 , . . . , λ eq,K ), where λ eq,k is the kth singular value of H eq . After power constraint normalization as (14) , we can obtain
Lemma 1 can be proved. Theorem 1: With large-scale antenna array at BS, when using algorithm 1 with perfect CSI, the rate of the kth data stream can reach
where λ k is the kth singular value of channel H. Proof: In the case that BS know the perfect CSI, baseband precoder can eliminate inter-stream interference by ZF precoding, so the rate of the kth data stream is expressed as
where 
where v eq,k is the kth column of V eq , λ eq,k is the kth singular value of H eq , namely square root of the eigenvalue of H eq H H eq , and
so we can get λ eq, k = λ k .
This indicates that the RF precoder can employ directional beamforming to achieve the beam alignment, even if only signal phase adjustment can be performed. It is caused by the large-scale antenna array is adopted at the BS, and the response vector of the antenna array satisfies favorable propagation. By SVD operation on the low-dimensional (N r × K ) equivalent channel H eq , the combiner can be designed. Compared with the full digital MIMO systems, in which the high dimensional channel matrix (N r × N t ) SVD operation is required, so the computing overhead is reduced. The basedband precoder is designed jointly with the RF precoder and combiner. Using the simple linear ZF precoding on lower dimensional K × K equivalent channel matrixH, the rate can reach the performance of full digital SVD.
Although the hybrid beamforming system uses much less RF chains than the number of antennas, the performance of the proposed hybrid beamforming/merging algorithm can approach or even completely reach the performance of full digital MIMO, especially in the large-scale antenna system at BS. In general, since the number of RF chains in hybrid beamforming system is far less than the full digital system, there is a gap between hybrid beamforming and fully digital counterpart. However, the proposed method takes advantage of the sparse characteristics of mmWave channel paths, so that the RF precoder is set to F RF = A t . Due to the characteristics of large-scale antenna systems, we have A H t A t = I, which results in a low dimensional equivalent channel matrix H eq for the combiner and the baseband precoder, and the rank of the channel matrix is maintained. Then the digital combiner and the baseband digital precoder operate on the equivalent channel H eq . The combiner adopts the left singular matrix of H eq , and the baseband precoder adopts ZF precoding. With perfect CSI, the method is equivalent to the SVD of H eq , which means F BB = V eq , thus we can obtain the same performance as the full digital system.
V. PERFORMANCE ANALYSIS WITH LIMITED FEEDBACK
In realistic systems, feedback is limited, so that perfect downlink CSI is hard to get at BS. In this section, we consider that the codebooks of RF and baseband precoder both are finite bits. First, we analyze the gap between achieved rate of proposed algorithm with perfect CSI and limited feedback. Then the quantization errors of RF and baseband codebooks are analyzed. Finally, we derive the relationship between the upper bound of rate gap and feedback bits. For simplicity, we analyze the case of one of the data streams as a representative.
A. RATE GAP
Providing the ideal case of perfect CSI at the BS, i.e.Ĥ = H, the ZF precoding vector f BB k is obtained as the normalized kth column of H H (HH H ) −1 . Therefore, we can obtain the ideal achieved rate with proposed algorithm as
However, in the practical case of limited channel feedback, the baseband can only obtain the feedback channelĤ using baseband codebook. The ZF precoding is performed based onĤ, and the precoding vectorf . Thus, the inter-user interference cannot be completely eliminated, which degrades the achieved rate with limited feedback as
. (23) We define rate gap as the performance loss, which represents the difference between the achieved rate with perfect CSI and codebook-based quantized CSI, and the rate gap is written as
Lemma 2: The rate gap of the proposed algorithm with finite feedback is upper bounded by
where
It can be seen from (25) that the performance loss caused by limited feedback can be decoupled into two parts, the first one is the gain loss caused by beam misalignment of the RF precoder, and the other is the interference caused by the digital precoder due to quantization. Further, we can derive the following.
Theorem 2: The relationship between upper bounded of rate gap and quantization error can be written as
, representing the quantization error between the accurate and quantized array response vector, and δ BB ( h k , g * k ) = E[sin 2 ( ( h k , g * k ))] is quantization error function of baseband codebook.
Proof: Firstly, we analyze E[log 2 ( h k 2 h k 2 )]. The main difference between h k andh k is the quantization error caused by the finite bit of RF codebook, which causes the beam misaligned. So it brings the channel gain loss. We can figure out that
The proof of (27) is seen at Appendix B. It can be seen from (27) , the correlation between the quantized a t (φ k ) and the accurate a t (φ k ) is higher, the fewer performance loss caused by the quantized of RF codebook. When a t (φ k ) and the accurate a t (φ k ) exactly equal, we can obtain δ RF (φ k , φ k ) = 1, and the performance loss of
]. The baseband precoder adopts ZF precoding for the equivalent channelh k . Based on the existing results in [52] , [53] , the rate gap between perfect CSI and CSI with limited feedback can be expressed as
), (28) where
]}, by defining
. The 28 is derived by using Jensen inequality and the fact
. Combining (27) and (28), we can get Theorem 2.
B. QUANTIZATION ERROR
In this subsection, we study the quantization errors δ RF (φ k , φ k ) and δ BB ( h k , g * k ) in (26) . The quantization error is related to codebook type. Due to the different constraints of RF precoder and baseband precoder, the form of RF codebook and baseband codebook is different.
The code words in the RF codebook directly act as RF beamforming vectors, so they need to satisfy the constraint of elements' constant modulus. In addition, the code word in the RF codebook also represents the antenna array response. Thanks to the array response vector satisfies the constraint of RF, the two forms are unified. In widely used codebooks, the DFT codebook has the same form as the array response, so we consider to use the DFT codebook as the RF codebook, which targets to quantize multiple resolvable directions of the channel. There are two types of DFT codebooks as following. VOLUME 7, 2019 Type 1: DFT codebook C 1 quantifies the DoA. Different from [38] , in which the DoA is quantized uniformly in [0, 2π], motivating by the sine value range of DoA in [− π 2 , π 2 ] and [ π 2 , 3π 2 ] is repeated, we quantize DoA uniformly on [− π 2 , π 2 ]. The ith code word in C 1 can be expressed as
where θ i = ( i 2 B RF − 1 2 )π , i = 1, . . . , 2 B RF . Type 2: Different from quantizing in the angle domain, the DFT codebook C 2 quantifies the sine value of the DoA on [−1, 1], i.e
Theorem 3: When using DFT codebook for RF precoder, the quantization error parameter
where D represents the difference between the sine value of the accurate DoA and the quantized sine value, and D =
According to (31) , we can see the quantization error of RF codebook is related to distance of antenna elements, signal wavelength and quantization bits. In order to find more useful insight, we make widely used assumption that the antenna elements are evenly distributed, and the distance of adjacent antenna elements is equal to half the wavelength of the signal. Since the quantization error of C 1 is on angle domain, which is complex and difficult to analyze. So we use codebook C 2 as the representative for analysis. Plug d λ = 1 2 and |D| ≤ 1 2 B RF into (31), we can obtain the low bound of
We
It can be seen from (32) that δ RF max (B RF ) is not infinity, only when the DFT codebook size is greater than or equal to the number of antennas, namely 2 B RF ≥ N t . And with the increase of B RF , δ RF max (B RF ) tends to 1 rapidly. The result means that when design the size of RF codebook, we should choose the appropriate B RF to ensure 2 B RF ≥ N t , and B RF should not be too large to avoid wasting overhead of feedback. For example, we can set B RF = U (log 2 (N t )) or B RF = U (log 2 (N t )) + 1, where the operator U (a) means ceiling for a.
The equivalent channel is quantified by baseband codebook, which generally satisfies some design criteria, such as maximizing the minimum distance between the codebook vectors as in Grassmannian codebooks. In addition, random vector quantization (RVQ) codebook is often used in place of Grassmannian codebooks due to simpleness. And the performance of RVQ codebooks is close to Grassmannian codebook [54] . These codebooks are usually designed for low dimension channels, and attempt a uniform quantization on the space of channel vectors. So they are suited for quantization. Using the related results in Grassmannian line packing, we can get
Theorem 4: When using DFT codebook for RF precoder, and Grassmannian codebook for baseband precoder, the rate gap between achieved rate of proposed algorithm with perfect CSI and limited feedback is
Further, when using DFT codebook C 2 for RF precoder, we have (31) and (33), we obtain Theorem 4.
C. FEEDBACK BITS
In this subsection, we discuss the required number of feedback bits B RF to ensure a constant rate gap R k (γ ).
We have analyzed that in the subsection B, due to the size of RF codebook must satisfies 2 B RF ≥ N t , and should not be too large to avoid wasting overhead, so we can determine an appropriate B RF , such as U (log 2 (N t )) or (U (log 2 (N t )) + 1) bits is good enough for RF precoding. This will be demonstrated in next section by simulation analysis. In order to ensure a constant rate gap R k (γ ) ≤ log 2 b, based on (34) and
where b − δ RF (φ k , φ k ) can be thought of as a constant when the number of feedback bits of RF precoder is determined. From (36) we can see that the value of δ RF is smaller, the required number of feedback bits for baseband is less, which reveals the relationship of feedback bits between RF and baseband precoders. Providing adequate B RF , the required feedback bits for baseband can be reduced. Note that, when B RF is large enough, such as (U (log 2 (N t ))) bits or more, the value of δ RF (φ k , φ k ) is extremely close to 1, and (36) can be approximate to We can observe that the required number of feedback bits for baseband scales with the singular value of mmWave channel H when SNR is fixed, and as SNR increasing, the required number is scales with SNR when the singular value of H is fixed. So that in order to maintain the constant rate gap, the required number of feedback bits for baseband should scale with γ and λ k .
VI. SIMULATION RESULTS
In this section, we evaluate the performance of the proposed algorithm with prefect CSI and limited feedback. In the simulations, R = K k=1 R k is total rate of K data streams with R k in equation (2) . The mean rate is mR, which can be expressed as mR = R K . We assume that the BS and user adopts ULA antenna array, where the antenna elements are evenly distributed, and the distance of adjacent antenna elements is equal to half the wavelength of the signal. The number of channel clusters, data streams and RF links are equal. The AoAs/AoDs of channel clusters are uniformly distributed in [0, 2π]. The gains of channel paths obey complex gaussian distribution α l,r l ∼ N (0, 1), l = 1, 2, . . . , L and ls l = 1, 2, . . . , Ls l for each l.
We compare the proposed algorithm with the following algorithms. (1) Analog only, in which the precoder and combiner both are analog, and the precoder is set as F t = A t while the combiner is set as F r = A H r .
(2) Full digital SVD, in which the precoder and combiner both are digital, and using SVD algorithm on mm-wave channel H. (3) Path-based hybrid beamforming, with RF precoder F RF = A t , combiner F r = A H r , and ZF precoder at baseband. The performance of full digital precoding/combining algorithm is considered to be the upper bound of hybrid beamforming, and our proposed algorithm is able to close to or even equal to the full digital SVD, which illustrate the effectiveness of the proposed algorithm. Also, the algorithm (3) can be regarded as the twostage hybrid beamforming in [38] with single user and mutidata streams under perfect CSI. In Figure 3 , we set the number of channel clusters as 4, and only one paths in each cluster, then compare the performance of proposed algorithm with several precoding algorithms based on perfect CSI, and use different number of antennas. The number of BS antennas in (a), (d) is 64, the number of BS antennas in (b), (d) is 128, the number of combiner antennas in (a), (b) is 8, and the number of combiner antennas in (c) (d) is 4. Figure 3 shows that our proposed hybrid precoding/combining algorithm is close to or completely equal to the performance of full digital SVD algorithm, and is significantly better than the other algorithms. At low SNR, the analog only algorithm is close to the digital SVD and proposed algorithm, and superior to the pathbased algorithm. With the increase of SNR, the analog only algorithm performance tends to be flat, and the performance gap with proposed algorithm gets large. The performance of path-based algorithm increases with the improvement of SNR, and is better than analog only algorithm especially at high SNR.
From comparing Figure 3 (a) and (d), (b) and (c) respectively, it can be seen that the influence of the number of combiner antennas on the algorithm performance with equal BS antennas. As the number of antennas at the combiner decreases, the performance gap between other algorithms and the proposed algorithm becomes larger, which indicates that our proposed algorithm shows more significant advantages when the number of antennas at combiner is relatively low. The comparison of 3(a) and (b), (c) and (d) shows the influence of BS antennas number on algorithm performance with equal number of antennas at combiner. The results show that, even the number of BS antennas increase from 64 to 128, the performance of proposed algorithm increases slightly. And compared with the performance improvement brought by increasing the number of antennas at the combiner, that brought by increasing the number of BS antennas is less. This is caused by that BS adopts the large scale antennas, and the number of antennas at combiner is relatively small. So the number of combiner antennas is the prior factor of limiting the system performance.
In Figure 4 , we set N t = 128 and N r = 8 and simulate under different channel clusters of 2, 4, 6 respectively, and one paths in each cluster. Figure 4 shows the performance of several algorithms varying with SNR. It can be seen from Figure 4(a) , The fewer the number of clusters is, the better performance of mRs can achieve, and the gap between the other algorithms and proposed algorithm is smaller. This is caused by fewer clusters so that fewer data streams to be transmitted, and the same number of antennas can provide more gain to the one with fewer clusters. It also means that if the performance of mRS is to be guaranteed with a large number of clusters, the number of antennas in the system should be increased. Figure 4(b) shows that the total rate of proposed algorithm increases as the number of channel clusters increasing, which is because there are more channel clusters and data streams. Even though mRS declines, the total rate is still improved. The total rate of path based algorithm of fewer number of clusters will approach the sum rate of lager number of clusters, or even exceed with the increase of SNR. However, the analog only algorithm has no significant change with the change of L.
In Figure 5 , we set L = 4 and other parameters have same setup as Figure 4 . Figure 5 shows the performance of the proposed algorithm varies with SNR with different quantization bits of RF and baseband codebooks. The green lines and the blue lines are rates using codebook C1 and C 2 . To verify our analysis in quantization error for RF codebookand, we set the quantization bits as B 0 − 1, B 0 and B 0 + 1 respectively, where B 0 = log 2 N t , and we assume the perfect equivalent channel at baseband so that we can show the impact of RF codebook only. The red lines are rates using codebook C 2 of B 0 bits for RF precoder, and RVQ codebook for baseband, where the quantization bits of RVQ codebook are 4 and 9 bits respectively. The results show that, comparing the rate under quantization of RF codebook with under perfect CSI, when B RF < B 0 , the rate gap is large. But the rate gap become quite small, when B RF ≥ B 0 , and the rate gaps diminish rapidly with the increase of feedback bits. Furthermore, the performance of C 1 is similar to that of C 2 , but performs better at high SNR, due to the quantization angles distribution in C 1 is closer to practical angles. With the improvement of SNR, the performance loss caused by RF codebook does not increase significantly. However, the quantization error of baseband codebook will obviously increase with the increase of SNR, which means in order to ensure that the rate gap is not too large, the more feedback bits is needed for baseband codebook at high SNR.
In Figure 6 , the RF codebook is C 2 with B 0 bits, and the other parameters have same setup as Figure 4 . We fix log 2 b = 2 to maintain a constant rate gap. The Figure (6) shows the performance of kth data stream rate with a fixed B RF and variational B BB with respect to SNR. The blue dotted line is the rate of kth data stream with B RF = B 0 bits and perfect equivalent channel at baseband. We can see that the rate gap caused by RF codebook is relatively small, and does not increase significantly with SNR. The purple line shows the performance of kth data stream rate with B RF = B 0 bits and the B BB calculated from (36) to maintain the constant rate gap. It can see that the rate gap can be guaranteed not to exceed 2, which shows the validity of our results.
In Figure 7 , we set the number of channel clusters as 4 and each cluster has Ls l = 5 subpaths with Laplacian distributed AoAs/AoDs, l = 1, 2, . . . , L, and angle spread of 10 • [16] , [40] . The other parameters have same setup as Figure 4 . We can see that from Figure 7 , the performance of proposed algorithm is worse than the full digital SVD under clusters channel model but significantly better than the other algorithms. The rate gap between the proposed algorithm and full digital SVD algorithm is caused by the subpaths of clusters. Full channel information is utilized in full digital SVD algorithm, which includes all subpaths, while in the proposed algorithm, we use the DoAs of clusters rather than subpaths. However, it shows that the proposed algorithm can work favorably with cluster channel model, due to most DoAs of subpaths are very close to the relative cluster DoA, and the generated array response of these subpaths are highly correlated.
VII. CONCLUSION
In this paper, we proposed a novel two-timescale hybrid beamforming/combining algorithm for downlink multistreams mmWave systems leveraging the property that path DoAs vary more slowly than the path gains. The performance of the proposed algorithm was analyzed with perfect CSI, and proved to achieve the same performance of full digital SVD algorithm. We also analyzed the rate gap between the proposed algorithm with perfect CSI and limited feedback. We decoupled the rate gap caused by quantization of RF and baseband precoder codebooks, and the quantization error was analyzed. Finally, a closed-form expression of the relationship between feedback bits and rate gap was given.
APPENDIX A PROOF OF LEMMA 2
The achieved rate R k,ideal an be written as (22) with proposed algorithm under perfect CSI at BS, and the achieved rate with limited feedback is (23) . Substituting the two formulas into (24), we can get 
. In the equation a, we plug H eq = A r diag(α)A H t A t = A r diag(α) = U eq eq V H eq (42) into the formula to get the expression. The equation b is true because that define X = A H tÂ t , [X] m,n = a H t (φ i )a t (φ j ), [X] m,n ≈ 0 for i = j, then we can get v H eq,k X
Using Jensen inequality we can get the inequality c.
APPENDIX C PROOF OF THEOREM 3
Supposing the equivalent DoA after codebook quantization is defined asφ k , for both DFT codebook C 1 and C 2 , we can get
where D = sin φ k − sinφ k for coodbook C 1 and C 2 .
As for codebook C 1 , the absolute value of D is less than or equal to half of the maximum distance between code words in C 1 codebook, so we have 
similarly for C 2 ,
Theorem 3 is proved.
